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Abstract
For binary black holes the lapse function corresponding to the Brill-Lindquist initial value solution
is given in analytic form under the maximal slicing condition. In the limiting case of very small ratio
of mass to separation between the black holes the surface defined by the zero value of the lapse
function coincides with the minimal surfaces around the singularities.
PACS number(s): 04.70.Bw, 04.20.Ex, 04.20.Fy
In a recent paper [1], the authors re-obtained the Brill-Lindquist initial value solution for two black
holes [2] using a point-mass model for the black holes followed by Hadamard’s \partie nie" regularization
procedure in 3-dimensional space. (It can be shown that the same result appears by applying the dimen-
sional regularization of Ref. [3].) In the present paper we supplement this result by the calculation of the
initial lapse function. The result should be of importance for numerical head-on collision simulations of
binary black holes under time-symmetric initial conditions.
We use units in which 16piG = c = 1, where G is the Newtonian gravitational constant and c the
velocity of light. In the paper all vectors and their lengths are dened in the 3-dimensional Euclidean
space endowed with a standard Euclidean metric; x is the position of an arbitrary point in this space.








δij + hTTij (1)
and for the canonical conjugate piij of the 3-metric the condition
piii  0 (2)
holds.
In case of time-symmetric initial conditions the black-hole linear momenta pai (a = 1, 2) and eld
momenta piij , and thus the shift function too, are zero













additionally implies the vanishing of the transverse-traceless part of the 3-metric,
hTTij = 0. (5)
In this case, the coordinate condition (2) coincides with the maximal slicing condition.






where gij is the inverse of gij , g  det(gij), Di means the covariant derivative with respect to gij , and R
is the intrinsic curvature of the hypersurface x0 = const . The Eq. (6) can easily be obtained from the
eld equation for piii [see, e.g., Eq. (2.7a) in Ref. [4]].














































where the parameters α1 and α2 are constants and where r1 and r2 denote the coordinate distances
between the eld point and the black hole positions in the conformally related flat space. The parameters










































where r12 denotes the coordinate distance of the two black holes.










where β1 and β2 are some new constants. We then make use of the regularization procedure of Ref. [1] (or
Ref. [3]) which relies here on replacing f(x)δ(x − xa) by freg(xa)δ(x − xa), where the regularized value
freg(xa) of the function f at its (possibly) singular point x = xa we dene by means of the Hadamard’s
\partie nie" procedure. We expand f (xa + εn) (where n is a unit vector and ε > 0 is a number) into a
2
Laurent series around ε = 0 and as the regularized value of the function f at xa we take the zero-order
coecient of the series averaged over all directions n:
f (xa + εn) =
1∑
m=−N
am(n) εm, freg (xa)  14pi
∮
dΩ a0(n). (13)
The usage of the denition (13) boils down in our computation to simple formulas
δ(x− x1)




jx1 − x2j . (14)
Making use of Eqs. (14) we have found that the solution to Eq. (8) of the form (12) exists when
β1 = α1
r12 + α1 − α2
r12 + α1 + α2
, (15)
β2 = α2
r12 + α2 − α1
r12 + α1 + α2
. (16)
In the limit r12 !1 it holds: β1 = α1 and β2 = α2. If α1 = 0, then β1 = 0 and β2 = α2 (analogously, if
α2 = 0, then β2 = 0 and β1 = α1). Also, if α1 = α2, then β1 = β2. Thus, the solution for ψ does have
correct limiting values.
By explicit calculation we have shown that the surface N0 = 0 coincides with the minimal surfaces
around the singularities in the limiting case of very large separation between the black holes, i.e., we
exactly have reproduced the Eq. (27) in Ref. [2] for uncharged black holes.
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